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Abstract. In this paper we propose a systematic approach for calculating the preserved
measures and integrals of a rational map. The approach is based on the use of cofactors
and Darboux polynomials and relies on the use of symbolic algebra tools. Given sufficient
computing power, all rational preserved integrals can be found. We show, in a number
of examples, how it is possible to use this method to both determine and detect preserved
measures and integrals of the considered rational maps. Many of the examples arise from the
Kahan-Hirota-Kimura discretization of completely integrable systems of ordinary differential
equations.
1. Introduction
Suppose (x′1, x
′
2, . . . , x
′
n) := x
′ = φ(x) := φ(x1, x2, . . . , xn) defines a rational map of R
n, and let
Rp[x] be the class of polynomials up to degree p in n variables. We say that I is a preserved first
integral of φ if and only if I(x′) = I(x). The rational map φ preserves a measure of the form∫
1
m(x)
dx1 ∧ · · · ∧ dxn, m ∈ Rp[x], (1)
if the condition
m(φ(x)) = |Dφ(x)|m(x), for all x ∈ Rn, (2)
is satisfied, where Dφ(x) is the Jacobian matrix of φ and |Dφ(x)| is the Jacobian determinant.
The reciprocal of the density m is here assumed to be a polynomial‡ and the preserved integrals
are rational functions. In this paper, we devise a systematic approach for calculating the
preserved measures and integrals of a rational map.
Our interest in such properties of rational maps originates from the study of Kahan’s
numerical discretization of ordinary differential equations [7, 8], and from the study of discrete
‡ or the reciprocal of a polynomial
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integrable systems [11]. Kahan [5] proposed a numerical method designated for quadratic systems
of differential equations in Rn written in component form as
dxi
dt
=
∑
j,k
aijkxjxk +
∑
j
bijxj + ci, i = 1, . . . , n, (3)
where aijk, bij , ci are arbitrary constants and all summation indices are ranging from 1 to n. The
method of Kahan, also known as the Hirota–Kimura discretization [3, 4], is a one-step method
(x1, . . . , xn) 7→ (x
′
1, . . . , x
′
n) where
x′i − xi
h
=
∑
j,k
aijk
x′jxk + xjx
′
k
2
+
∑
j
bij
xj + x
′
j
2
+ ci, i = 1, . . . , n, (4)
where h denotes the discrete time step. The method (4) is linearly implicit and so is its inverse,
hence it defines a birational map.
Much of the recent interest in Kahan’s method stems from its ability to preserve modified
first integrals and measures of the underlying quadratic differential equation [6, 12]. But even in
cases where there are strong indications that Kahan’s method preserves such a nearby invariant,
it is not necessarily an easy task to determine its closed form.
In the following two sections, we will describe our simple algorithmic approach to find
measures and integrals of a rational map. A first, heuristic idea is to determine all preserved
measures up to a given degree, and from these to deduce the integrals, see section 2. A more
systematic approach is formulated in terms of cofactors and Darboux polynomials in section 3
and can be used to find all rational preserved integrals, given sufficient computing power. The
algorithm has been implemented in a symbolic algebra system and the codes are adapted to
run on clusters of up to 32 cores with up to 768 GBs of memory. In the last two sections,
we shall apply the method to some selected examples which have been taken from [14], [16],
[13], and [6]. In most cases the map φ is obtained as the application of Kahan’s method (4)
to a quadratic differential equation (3). We consider also two examples which are unrelated to
Kahan’s discretization.
2. An algorithmic approach to finding preserved measures and integrals
We will start by addressing the problem of determining all measures up to a given degree of the
form (1) that are preserved by the rational map φ. By definition this is equivalent to the condition
(2). Any polynomial m ∈ Rp[x] can be written in terms of a basis as m(x) =
∑N
k=1mkek, where
N = (n+p)!
n!p! . Typically, one may choose each ek to be a monomial of the form x
i1
1 · x
i2
2 · · ·x
in
n
for integers ij ≥ 0. Substituting this into the equation (2) leads to a linear system of equations
for the indeterminates {mk}
N
k=1. Solving this system yields a subspace of Rp[x] of polynomials
m(x) in which every element corresponds to a preserved measure. This task is performed using
a computer algebra system (our codes are made with Maple R© version 2018). Moreover, by this
approach any preserved measure of the stated form (1) is found.
Suppose next that m1 and m2 are linearly independent, both satisfying (2):
m1(φ(x)) = |Dφ(x)|m1(x), m2(φ(x)) = |Dφ(x)|m2(x).
One readily finds that
I(x) =
m1(x)
m2(x)
is a non-constant integral of φ, i.e. I(φ(x)) = I(x). In this way we can algorithmically find
preserved integrals using the knowledge of two or more independent preserved measures. We
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illustrate the method just described by an example. For expository reasons the Hamiltonian in
this example contains no arbitrary parameters. A 4-parameter generalization will be given in
section 4.
2.1. Example 1: finding measures and integrals of a 2D Hamiltonian system
Consider the Hamiltonian system Y˙ = J−1∇H with Y = xT = [x1, x2]
T ,
H :=
1
3
x31 + 2x
2
1x2 + 3x1x
2
2 +
5
3
x32 and J =
[
0 −1
1 0
]
.
Its solution is area preserving, i.e. preserves the measure
∫
dx1dx2, and preserves the Hamiltonian
H . We apply Kahan’s method to this system, compute the Jacobian determinant |Dφ(x)| of the
resulting rational map φ and solve the linear system (2) under the assumption that m is a
polynomial of degree at most 3. We find 2 solutions:
m1(x
′) = |Dφ(x)|m1(x) with m1 = 1 + h
2(−x21 − x1x2 + x
2
2),
m2(x
′) = |Dφ(x)|m2(x) with m2 =
1
3
x31 + 2x
2
1x2 + 3x1x
2
2 +
5
3
x32.
This means that the map preserves the modified measure∫
1
1 + h2(x22 − x1x2 − x
2
1)
dx1dx2, (5)
and the modified integral
m1(x
′)
m2(x′)
=
m1(x)
m2(x)
=
H
1 + h2(x22 − x1x2 − x
2
1)
. (6)
We remark that the preserved integral and measure of ODE are not used anywhere to derive the
modified ones.
In [7], we showed that any Hamiltonian system Y˙ = J−1∇H in arbitrary dimensions,
with constant symplectic structure, discretized by Kahan’s method has one preserved modified
measure and one modified integral which can be seen to coincide with (5) and with (6)
respectively. However, the new algorithm presented here is more general as it can be also applied
to systems which are not in the form Y˙ = J−1∇H and can be used to find all rational preserved
integrals, given sufficient computing power (see Theorem 1).
3. The method of Darboux polynomials and cofactors
In the previous section, the original aim was to determine invariant measures of the map φ(x) by
solving the linear system (2) for the polynomials m(x). In the case where two or more linearly
independent solutions to this system were found, one or more integrals could be inferred as the
ratio of density functions. However, it turns out that preserved integrals (but not preserved
measures) can generally be found even more readily and easily through a generalisation of the
above method. If we replace the Jacobian determinant |Dφ(x)| in (2) by a (fixed) rational
function C(x), we may consider solutions to the system
m(φ(x)) = C(x)m(x). (7)
Again, if two linearly independent solutions m1(x) and m2(x) exist then I(x) =
m1(x)
m2(x) is an
integral of φ(x). The function C(x) will be called a cofactor and the polynomial m(x) will in
this generalised setting be called a Darboux polynomial. (A first attempt at a theory of Darboux
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polynomials for discrete systems was given in [10]. A related approach in projective space is
discussed in [9].) The rational map φ(x) can be assumed to have a denominator D(x) common
to all its components, and motivated by this, we shall also assume in what follows that the
denominator of C(x) is some integer power of D(x). Note that a special case of a cofactor and
Darboux polynomial is obtained by letting C(x) = |Dφ(x)| (or −|Dφ(x)| in the anti measure-
preserving case) and taking the Darboux polynomial m(x) to be the reciprocal of a density
function as in the preceding section. We summarise this discussion by presenting a theorem
which states that all rational integrals of the map φ can be found using the above generalized
method of Darboux polynomials.
Theorem 1. The function I(x) = m1(x)
m2(x)
is a rational integral of a rational map of the form
φ(x) :=
1
D(x)
(N1(x), N2(x), . . . , Nn(x))
if and only if the polynomials m1(x) and m2(x) are Darboux polynomials with the same cofactor.
Proof. If m1(x) and m2(x) are Darboux polynomials with the same cofactor then, as in the case
of densities, we can readily see that I(x) = m1(x)
m2(x)
is an integral of our map.
For the other direction, suppose that I(x) = m1(x)
m2(x)
is an integral of our map with the
polynomials m1 and m2 being co-prime. Then
m1(x
′)m2(x) = m1(x)m2(x
′) (8)
and because of the form of our map we have m1(x
′) = Q1(x)
Dk1 (x)
and m2(x
′) = Q2(x)
Dk2 (x)
for
some polynomials Q1, Q2 and some integers k1, k2. If k1 ≥ k2 then equation (8) gives
that m1(x) divides Q1(x
′), let us say that Q1(x
′) = P (x)m1(x). Then we easily see that
m1(x
′) = P (x)
Dk1 (x)
m1(x) and again from equation (8) we get m2(x
′) = P (x)
Dk1 (x)
m2(x). This means
that the polynomials m1 and m2 are Darboux polynomials with the same cofactors. We arrive
at the same conclusion if we suppose that k2 ≥ k1.
A remaining question is how to choose the cofactor C(x) = P (x)/D(x)k. One possibility
would be to let P (x) be an arbitrary polynomial of some degree q and then solve for both m(x)
and P (x) simultaneously from (7). However, the resulting system would then be nonlinear.
Instead we shall consider another possibility: Suppose that the Jacobian determinant can be
factorized as
|Dφ(x)| =
P1(x) · P2(x) · · ·Ps(x)
D(x)k
for distinct polynomial factors Pi(x). Then our candidates for cofactors will be of the form
C(x) =
P1(x)
i1P2(x)
i2 · · ·Ps(x)
is
D(x)ℓ
for non-negative integers ℓ, i1, . . . , is.
We will in the following illustrate the approach described in section 2 and in this section
with a number of examples.
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4. Determining preserved measures and integrals
4.1. Example 2: A family of Hamiltonian systems in 2D
Consider the homogeneous quadratic vector field
dx
dt
= βx2 + 2γxy + δy2,
dy
dt
= −αx2 − 2βxy − γy2,
(9)
where α, β, γ, δ are arbitrary real parameters.
This is a Hamiltonian system, i.e. it is divergence free and it possesses the integral
H(x, y) :=
α
3
x3 + βx2y + γxy2 +
δ
3
y3. (10)
This implies that the exact flow of the vector field (9) preserves the measure∫
dxdy, (11)
and the integral H given in (10).
We now apply Kahan’s discretisation method [5, 7, 8] to the vector field (9).
Let m be a polynomial of a certain degree. Finding measures of the form∫
1
m(x, y)
dxdy, (12)
preserved by the Kahan discretisation of (9) amounts to solve (2) which in this case
m(x, y) det
(
∂x′
∂x
∂x′
∂y
∂y′
∂x
∂y′
∂y
)
= m(x′, y′). (13)
Solving this system for polynomials m up to degree 4, we find two solutions:
m1 := 1 + h
2
(
(αγ − β2)x2 + (αδ − βγ)xy + (βδ − γ2)y2
)
, (14)
and
m2 :=
α
3
x3 + βx2y + γxy2 +
δ
3
y3. (15)
Substituting m = m1 in (12), we see that in the limit that the time step h goes to zero, the
measure preserved by the Kahan map approaches the measure (11) preserved by the vector field
(9). For this reason the measure
∫
1
m1
dxdy is called a “modified measure”.
Now let us consider m2. This function does not contain the time step h. This implies that∫
1
m2
dxdy must also be preserved by the ODE (9). This is indeed true, and follows from the
fact that preserved measures are not unique, because their densities may be multiplied by any
function of existing integrals, e.g. if
∫
1
m
dxdy is preserved, then
∫
1
m˜
dxdy is preserved if and
only if
m˜(x, y) = H(x, y)m(x, y). (16)
This statement holds both for (continuous) ODEs, as well as for (discrete) maps.
Hence, the fact that the Kahan map preserves both m1 (14) as well as m2 (15) with the same
cofactor implies that it also preserves the modified integral
H˜(x, y) :=
m2
m1
=
α
3 x
3 + βx2y + γxy2 + δ3y
3
1 + h2 ((αγ − β2)x2 + (αδ − βγ)xy + (βδ − γ2)y2)
. (17)
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4.2. Example 3: An inhomogeneous Nambu system
We consider the following inhomogeneous Nambu system belonging to the class of systems
considered in [1]
d
dt
 x1x2
x3
 =
 (x1 + 3x2)(5x2 + 12x3 + 8)−(x1 + x2)(5x2 + 12x3 + 8)
(x1 + x2)(8x2 + 5x1 + 7)
 (18)
which has the two integrals
H := x21 + 2x1x2 + 3x
2
2,
K := 4x22 + 5x2x3 + 6x
2
3 + 7x2 + 8x3
and the preserved measure ∫
dx1dx2dx3.
We consider the Kahan discretization of these equations. The corresponding Jacobian
determinant can be factorized in two irreducible factors:
|Dφ(x)| = C1(x)C2(x). (19)
Letting C1 and C2 play the role of cofactors, we find the Darboux polynomials n1, n2, p1, p2 by
solving the equations
n1(x
′) = C1(x)n1(x), p1(x
′) = C2(x)p1(x),
n2(x
′) = C1(x)n2(x), p2(x
′) = C2(x)p2(x),
and obtain
n1 = 50h
2x21 + 100h
2x1x2 − 720h
2x2x3 − 864h
2x23 − 480h
2x2
− 1152h2x3 − 384h
2 − 3,
n2 = 50h
2x22 + 240h
2x2x3 + 288h
2x23 + 160h
2x2 + 384h
2x3
+ 128h2 + 1,
p1 = (270h
2x21 + 540h
2x1x2 + 270h
2x22 − 4x
2
2 − 5x2x3
− 6x23 − 7x2 − 8x3)/270h
2,
p2 =
142x22
135
+
71x2x3
54
+
71x23
45
+
497x2
270
+
284x3
135
+ 1.
From these we obtain that the preserved integrals of Kahan’s map are n1(x)
n2(x)
, p1(x)
p2(x)
and any
combination
1
ni(x)pj(x)
dx, i, j ∈ {1, 2}
is a preserved measure.
4.3. Example 4: Sine-Gordon map
In this section we consider an example which is not arising as the Kahan discretization of a
completely integrable ODE. The Sine-Gordon-1-1 map φ [14] reads
x′ =
1− αx2
y (x2 − α)
,
y′ = x.
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The Jacobian determinant has the form |Dφ(x)| = αx
2−1
y2(α−x2) = C(x). The cofactor C(x) admits
the following Darboux polynomials
q1 = x
2y2 − αx2 − α y2 + 1,
q2 = xy.
The invariant of the Sine-Gordon-1-1 map is therefore q1
q2
, and corresponds to the invariant found
in [14] for this map.
4.4. Example 5: Quartic Nahm system in 2D
We consider the following example whose Kahan discretization was studied in [6]
d
dt
(
x1
x2
)
=
(
2x21 − 12x
2
2
−6x1x2 − 4x
2
2
)
. (20)
There is a preserved integral
H := x2(2x1 + 3x2)(x1 − x2)
2,
and a preserved measure∫
dx1dx2
x2(2x1 + 3x2)(x1 − x2)
.
The Jacobian determinant of the Kahan discretization has the following factors
|Dφ(x)| =
L1 L2L3
D3
,
with Li, i = 1, 2, 3 linear and D quadratic. Among the cofactors L
i
1L
j
2L
k
3/D
l for i, j, k = 0, 1 and
l = 1, ..., 3, we consider C1 =
L1
D
and C2 =
L2 L3
D2
, satisfying |Dφ(x)| = C1(x)C2(x). Solving the
equations
n(x′) = C1(x)n(x), p(x
′) = C2(x)p(x),
we find the Darboux polynomials
n(x) = (x1 − x2), p(x) = x2(2x1 + 3x2),
leading to the preserved measure
dx
n(x)p(x)
.
To find the modified integral, we search for Darboux polynomials whose cofactors are of the form
Ci1(x)C
j
2(x) for i, j = 1, 2, ... (i.e., “super-factors” of |Dφ(x)|). Using the cofactor
C3(x) = C
2
1 (x)C2(x),
we find
q1(x
′) = C3(x)q1(x),
q2(x
′) = C3(x)q2(x)
with
q1(x) = x2(2x1 + 3x2)(x1 − x2)
2,
q2(x) = 9h
4x41 + 272h
4x31x2 − 352h
4x1x
3
2 + 696h
4x42 − 10h
2x21 − 40h
2x22 + 1
and q1(x)
q2(x)
is an integral of the Kahan discretization, see the corresponding example in [6].
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5. Detecting integrals
We will now present a method to detect existence of an integrability condition of a rational map
φ(x) : Rn → Rn with a number of free parameters αi. Finding solutions to equation (7) amounts
to solving a (highly over-determined) linear system with a matrix of coefficients A ∈ RM×N that
depends (non-linearly) on the parameters αi. The number of rows M depends on φ(x) and,
excluding some trivial cases, is generally much larger than the number of columns N = (n+p)!
n!p! ,
where p is the highest degree of the Darboux polynomial basis. The existence of preserved
rational integrals stems from the idea that there exists at least two solutions to equation (7).
Say we would like s− 1 integrals that are preserved by φ. This is equivalent to requiring, at the
very least §, that
rank(A) = N − s.
Of course one could solve for the parameters, simultaneously with the Darboux polynomial,
forcing a solution to equation (7) but this yields a highly non-linear system of algebraic equations
in the coefficents of the Darboux polynomials as well as the parameters αi. Such systems
often require impractical levels computing power to solve, especially for large p, n, many free
parameters αi or complicated expressions for φ. Instead, we propose the following method, which
reduces the rank of A by one and can be iteratively applied until the desired number of solutions
and, hence, integrals are found (if they exist). Say we have rank(A) = r ≤ N . It suffices to work
with the matrix A˜ ∈ RM×r that is composed of r linearly independent columns of A. We write
A˜ =
(
V
U
)
,
where V ∈ R(r−1)×r is a matrix with rank(V ) = r − 1 and U ∈ R(M−r+1)×r. Then impose
the condition on the parameters αi such that Range
(
UT
)
⊆ Range(V T) . This is equivalent to
requiring that for all vectors µ ∈ RM−r+1, there exist a non-zero vector λ ∈ Rr−1 such that
UTµ = V Tλ. (21)
This is a set of r linear, scalar equations ‖ in λ. By construction, this is an under-determined
system where only r − 1 equations are satisfied by finding solutions to λi. The last equation is
satisfied by solving a single non-linear equation in the parameters αi. If such a solution exists,
then these are the conditions that reduce the the rank of A by at least one, therefore forcing at
least another Darboux polynomial solution to equation (7).
5.1. Example 6: Extended McMillan map
Consider the following rational map φ(x) defined by
φ
(
x1
x2
)
=
(
−x2 − f(x1)
x1
)
,
where
f(x1) =
α1 x1
3 + α2 x1
2 + α3 x1 + α4
α5 x12 + α2 x1 + α6
,
§ Note that this condition only enforces the existence of s solutions to equation (7), not necessarily s linearly
independent solutions.
‖ When working with a heavily over-determined linear system (i.e. A ∈ RM×N withM >> N), one could instead
find a basis B for Range(U) and substitute this into equation (21), which yields a set of equivalent, less complex
equations.
Discrete Darboux polynomials and the search for preserved measures and integrals of rational maps9
and αi for i = 1, . . . , 6 are free parameters. The integrability of a special case of this map was
studied in [15]. The Jacobian of the map φ is |Dφ(x)| = 1. If all parameters αi are arbitrary,
the equation
m(φ(x)) = m(x) (22)
has only one solution m1(x) = 1. Clearly for the map φ(x) to admit an integral there must exist
at least two linearly independent solutions to equation (22). Choosing a monomial basis up to
degree p = 4 for m, gives a linear system with A ∈ R55×15. Asking that A have rank no greater
than N − 2 = 13, we find that equation (21) is satisfied when
α1 = 0,
and αi free for i 6= 1. This case is known as the McMillan map [16]. Enforcing this condition,
we now find two solutions to equation (22)
m1(x) = 1,
m2(x) = α5 x1
2x2
2 + α2
(
x1
2x2 + x1x2
2
)
+ α3 x1x2 + α6
(
x1
2 + x2
2
)
+ α4 (x1 + x2) ,
where m2(x) is a preserved integral of φ, in agreement with [16].
5.2. Example 7: Two coupled Euler tops
We now consider two coupled Euler tops whose vector field is given by
d
dt
x1 = α1x2x3,
d
dt
x2 = α2x3x1,
d
dt
x3 = α3x1x2 + α4x4x5, (23)
d
dt
x4 = α5x5x3,
d
dt
x5 = α6x3x4.
This system was first presented in [13], and its discrete integrability was first explored in [6], where
it was shown that this system has only two independent integrals under the Kahan discretisation.
The Jacobian determinant of the Kahan map has the following factors
|Dφ(x)| =
L1 L2L3
D6
.
A natural choice for the cofactors are C1 =
L1
D2
, C2 =
L2
D2
and C3 =
L3
D2
, which yield three
equations
n(x′) = C1(x)n(x), (24)
p(x′) = C2(x)p(x), (25)
q(x′) = C3(x)q(x). (26)
We find that equations (24) and (25) admit two solutions each
n1(x) = α5x5
2 − α6x4
2, n2(x) = 4− h
2α5α6x3
2,
and
p1(x) = α1x2
2 − α2x1
2, p2(x) = 4− h
2α1α2x3
2,
Discrete Darboux polynomials and the search for preserved measures and integrals of rational maps10
while equation (26) admits no polynomial solutions up to degree p = 6. Among the above Dar-
boux polynomials are two independent integrals n1(x)
n2(x)
and p1(x)
p2(x)
, in agreement with [6]. We also
note that no Darboux polynomial measures are found up to degree p = 6 using |Dφ(x)| as the
cofactor.
We will now find the conditions for αi that give non-zero solutions to equation (26). For a
polynomial basis of degree p = 2, equation (26) yields a linear system whose coefficient matrix
A has dimensions N = 21 and M = 999. As equation (26) admits no Darboux polynomials, we
have rank(A) = N . To find conditions for αi that reduces the rank of A by at least one, we solve
equation (21), which yields the solution
α1 =
α5α6
α2
, (27)
and αi for i = 2, . . . , 6 are free. This is the super-integrability condition outlined in [6] and, in fact,
reduces the rank of A by six. Note that the solutions α3 = 0 or α4 = 0 also satisfy condition (21)
and correspond to the decoupling of two of the equations. These two less interesting cases have
three independent discrete integrals each. Considering the case where equation 27 is satisfied,
we find that L1 = L2 = L3 = L, hence the Jacobian determinant of the Kahan discretisation
now factors as
|Dφ(x)| =
L3
D6
.
Using C = L
D2
as the cofactor, the equation
q(x′) = C(x)q(x),
admits six Darboux polynomials
q1(x) = α
2
2x
2
1 − α5α6x
2
2,
q2(x) = α2x1x5 − α6x2x4,
q3(x) = α2x1x4 − α5x2x5,
q4(x) = α2α4x
2
4 − α2α5x
2
3 + α3α5x
2
2,
q5(x) = α2α4x
2
5 − α2α6x
2
3 + α3α6x
2
2,
q6(x) = 4− α5α6x
2
3h
2.
Hence, the following measures are preserved∫
dx
qi(x)qj(x)qk(x)
, for any i, j, k = 1, . . . , 6,
and the following integrals are preserved
qi
qk
, for i 6= k,
of which four are independent. The choice k = 6 yields the integrals presented in [6].
6. Concluding remarks
We have proposed a systematic approach for calculating the preserved measures and integrals
of a rational map and appleid it to a number of examples. The method is based on the use
of Darboux polynomials. We have shown that the method can be used to both determine and
detect measures and integrals. Some of the examples have required the use of relatively large
computer memory space and computational time. In a forthcoming paper we will apply the
method to a large variety of problems inspired by [6] and other literature.
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